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Intensity-dependent refractive index

Nonlinear Optics→ light-matter interactions when material’s
response is a non-linear function of the applied electric-field.
For a nonlinear material, the electric polarization field will depend
on the electric field:

P = ϵ0χ
(1)E+ ϵ0χ

(2)EE+ ϵ0χ
(3)EEE+ · · ·,

The i-th component for the vector P:

Pi = ε0

3∑
j=1

χ
(1)
ij Ej + ε0

3∑
j=1

3∑
k=1

χ
(2)
ijk EjEk + ε0

3∑
j=1

3∑
k=1

3∑
l=1

χ
(3)
ijkl EjEkEl + · · ·

χ(n): n-th order electric susceptibility
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Intensity-dependent refractive index

Let’s consider an electric field: Ẽ(t) = E(ω)e−iωt + c.c

P̂(ω) = ϵ0χ
(1)Ê(ω)︸ ︷︷ ︸

zero field

+ ϵ0χ
(2)Ê(ω)E(0)︸ ︷︷ ︸
Pockels

+ 3ϵ0χ
(3)|E(ω)|2Ê(ω)︸ ︷︷ ︸

Kerr

+ · · ·

Kerr effect: P(ω) ∼= ϵ0χ
(1)E(ω) + 3ϵ0χ

(3)|E(ω)|2E(ω) ≡ ϵ0χeffE(ω)

Define: χeff = χ(1) + 3ϵ0χ
(3)|E(ω)|2.

Refractive index of many materials: n = n0 + n̄2

⟨
Ẽ2
⟩

n2 = 1 + χeff
n0 = (1 + χ(1))1/2

n̄2 =
3χ(3)

2n0
.
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P̂(ω) = ϵ0χ
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(1)Ê(ω)︸ ︷︷ ︸

zero field

+ ϵ0χ
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(3)|E(ω)|2Ê(ω)︸ ︷︷ ︸

Kerr

+ · · ·

Kerr effect: P(ω) ∼= ϵ0χ
(1)E(ω) + 3ϵ0χ

(3)|E(ω)|2E(ω) ≡ ϵ0χeffE(ω)

Define: χeff = χ(1) + 3ϵ0χ
(3)|E(ω)|2.

Refractive index of many materials: n = n0 + n̄2

⟨
Ẽ2
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Tensor nature of the third order susceptibility
The most general third-order nonlinear process involves the
interaction of waves at four different frequencies:

χijkl ≡ χ
(3)
ijkl (ω4 = ω1 + ω2 + ω3)

Isotropic media: x, y, z axes can be chosen to make calculations
as simple as possible.
Most general triclinic symmetry: 34 = 81 elements, only 21 are
non-zero

χ1 = χiiii : xxxx = yyyy = zzzz (= xxyy+ xyxy+ xyyx)
χ2 = χjjkk : xxyy = yyzz = zzxx = yyxx = zzyy = xxzz
χ3 = χjkjk : xyxy = yzyz = zxzx = yxyx = zyzy = xzxz
χ4 = χjkkj : xyyx = yzzy = zxxz = yxxy = zyyz = xzzx

The symmetry of a structurally isotropic medium imposes the
further constraint

χ1 = χ2 + χ3 + χ4
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Third order nonlinear processes

General case: applied frequencies are arbitrary
ω1 + ω2 + ω3 = ω4. The polarization at ω4 is given by

P̂i(ω4) =
1

2
ϵ0

∑
jkl

χ
(3)
ijkl(ω4;ω1, ω2, ω3)Êj(ω1)Êk(ω2)Êl(ω3),

Electro-optical Kerr effect we have ω = 0 + 0 + ω

P̂i(ω) = 3ϵ0
∑
jkl

χK
ijkl(ω; 0, 0, ω)Êj(0)Êk(0)Êl(ω).

Optical Kerr effect we have ω1 = ω2 − ω2 + ω1

P̂i(ω1) =
3

2
ϵ0

∑
jkl

χOK
ijkl(ω1;ω2,−ω2, ω1)Êj(ω2)Ê∗k(ω2)Êl(ω1).
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Electro-optical Kerr effect

Polarizations in x and y directions are

P̂x(ω) = 3ϵ0χ
K
xyyx(ω; 0, 0, ω)E2y(0)Êx(ω)

= 3ϵ0χ
K
4E2y(0)Êx(ω)

P̂y(ω) = 3ϵ0χ
K
yyyy(ω; 0, 0, ω)E2y(0)Êy(ω)

= 3ϵ0χ
K
1E2y(0)Êy(ω).

The DC field creates a refractive index difference between
the two polarizations given by

n∥ − n⊥ ∼=
3(χK

1 − χK
4)E2y(0)

2n
=

3χK
2E2y(0)
n

,

The Kerr constant K of a medium is defined by

∆n ≡ n∥ − n⊥ = λ0KE2(0),

10



Electro-optical Kerr effect

Polarizations in x and y directions are

P̂x(ω) = 3ϵ0χ
K
xyyx(ω; 0, 0, ω)E2y(0)Êx(ω)
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Optical Kerr effect
A strong wave at frequency ω2 changes the refractive index of a
weak probe wave at ω1. The operative term in the polarization is

P̂x(ω1) =
3

2
ϵ0χ

OK
xxxx(ω1; ω2,−ω2, ω1)|Êx(ω2)|2Êx(ω1),

which implies that the refractive index of the weak wave is
changed by

∆nx ∼=
3χOK

xxxxI(ω2)

2n(ω1)n(ω2)cϵ0
.

An special case of the optical Kerr effect occurs when a single
beam at ω = ω1 = ω2 modifies its own refractive index

P̂x(ω) =
3

4
ϵ0χ

OK
1 (ω; ω,−ω, ω)|Êx(ω)|2Êx(ω).

This implies that the refractive index is changed to

n = n0 +

(
3χOK

1

4n2
0cϵ0

)
I = n0 + n2I,
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Applications

∗ Spectroscopy of liquids
∗ Waveplates
∗ Photonic and electro-optic devices

Field-induced birefringence was generated by applying electric fields (10 kHz) to
an aqueous 0.1 vol% graphene oxide dispersion. In the same cell structure with a
1.1 vol% GO, no change was detected up to 20 V mm−1. Shen (Nat. Mat. 2014).
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Magneto-optical Kerr effect

Magneto-optical Kerr effect (MOKE): light reflected from a
magnetized material has a slightly rotated plane of polarization.

It is used in materials science research in devices such as the Kerr microscope, to
investigate the magnetization structure of materials.
Thanks to its high accuracy, high temporal and spatial resolution and very fast
response, the MOKE is a powerful method to study the magnetic properties of
ultrathin and multilayer films.
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Conclusions

∗ A study of different types of electro-optical effects has been
presented, trying to understand the behavior of the
interaction of light with matter when the response of the
medium is a non-linear function of the applied electric or
magnetic field.

∗ It has been explored in some properties of the electric
susceptibility tensor, necessary to explain the non-linear
effects, considering symmetries in isotropic media.

∗ The electro-optical, optical and magneto-optical Kerr effect
have many powerful applications that are already being
carried out in research.
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